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Field-dependent Mechanism of Anomalous Proton Conductivity
and the Polarizability of Hydrogen Bonds with Tunneling Protons

E. G. WEIDEMANN
Sektion Physik der Universitdt Miinchen

und G.ZUNDEL
Physikalisch-Chemisches Institut der Universitdat Miinchen

(Z. Naturforsch. 25 a, 627—634 [1970] ; received 29 December 1969)

The displacement of the excess charge of the proton in acid solutions is caused by a structure
migration of groupings H;0," or HyO,*. The processes which take place during structure migration
are discussed on the basis of results gained in IR-investigations. In an electrical field the structure
migration is given a preferred direction. The hydrogen bond with the tunneling proton in H;0,"
and the grouping HyO* in H;0," become polarized. Comparison of both polarizabilities demonstrates
that, contrary to previous assumptions, the polarization of the hydrogen bond is the field-dependent
mechanism. This conclusion is reached upon calculating the polarizability of the hydrogen bond
with a symmetrical double minimum potential well. It is shown that the polarizability is extremely
large, being approximately two orders of magnitude greater than that of H;0*. Despite the large
polarizability, the shift of the weights of the proton boundary structures is very small for the ex-
ternal fields usually applied in conductivity measurements. It is demonstrated, however, that this
slight shift is large enough for the structure diffusion to obtain a preferred direction consistent with

the anomalous high proton conductivity.

1. Mechanism of Anomalous Proton
Conductivity

The nature of the excess proton hydrate structure
has been clarified 1™ by the example of polystyrene
sulfonic acid by means of IR-spectroscopic investi-
gations. With a small degree of hydration groupings
H;0,* form, whereas with a large degree of hydra-
tion groupings HyO,* play a special role within the
hydrate structure network. The special role of
groupings HyO,* has been demonstrated in numer-
ous publications with the most diverse methods.
Reviews of these papers are given in Refs. #76. A
symmetrical potential well with a double minimum,
in which the excess proton tunnels, is present in the
hydrogen bridge of grouping H;0,". This grouping
can thus be described by both proton boundary
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The rate-determining step of the migration of the
excess protons in acid solutions is, as shown espe-
cially by EIGEN and co-workers & 1415 not the tun-
neling of the excess proton in the hydrogen bridges
of H;0," or HyO,*, but rather the structure diffu-
sion of the groupings with the tunneling proton.
That is, the proton tunnels frequently to and fro in
the hydrogen bridge of the H;O," until structure
diffusion of this grouping ensues.

Flp,u"' 3 "ldu%’g |

Fig. 1. Left side: two proton boundary structures of the excess
proton in the H;0," group in polysterene sulfonic acid, right
side: two proton boundary structures of the excess proton
after one step of structure diffusion. — In considering such
schematic representations, we should keep in mind the fact
that the solvate structures are continually being rearranged
by thermal motions 71!, Any attachment position is in dy-
namic equilibrium with analogous temporary equilibrium con-
figurations.

The processes during structure diffusion are as
follows: When the excess proton is in the boundary
position, shown by boundary structure 2 on the left
of Fig.1, each of the three H-nuclei of H;O* can
take over the role of the excess proton, i. e., a state
of almost triple degeneracy with respect to the ex-
cess proton occurs for H30*. The degeneracy, how-
ever, is not complete, because bridges b will nor-
mally be bent, resulting in the fact that the H-
nucleus in these bridges can tunnel only with dif-

14 M. EiceN and L. DE MAEYER, Proc. Roy. Soc. London A
247, 505 [1958].
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ficulty, since the potential well although largely
symmetrical, possesses a relatively high barrier. If
one of the bridges b becomes linearized during
thermal movement, this bridge will no longer be
distinguishable from the one in H;0,". A doubly
degenerate state with respect to the excess proton
will therefore occur for grouping HgO*. When the
H-nucleus now tunnels in bridge b and when the
bridge in which the excess proton has previously
tunneled is finally bent, structure diffusion has taken
place. The comparison of both proton boundary
structures on the left of Fig. 1 with the two proton
boundary structures on the right illustrates this pro-
cess.

Why is this process given a preferred direction
when an external electrical field is applied? Two
causes are conceivable:

a) By means of the external field, the weight of
the proton boundary structure, in which the excess
proton lies in the field direction (2 on the left in
Fig. 1), can be increased. This increases the prob-
ability that the excess proton changes roles with
one of the protons in the hydrogen bridges b, as
soon as these are linearized. Thus structure migra-
tion and also the charge transport occur preferably
in field direction.

b) The field-dependent mechanism could be the
polarization of H;0, for we have seen that a doubly
degenerate state with respect to the excess proton
occurs for H;0™ when one of the bridges b is con-
siderably linearized. This degeneracy is removed by
the external field, since that state is preferred for
H;0* whose excess charge lies at the H-nucleus in
bridge b in field direction. The migration of the
structure with the excess proton in the opposite field
direction is likewise prevented. This causes struc-
ture diffusion to occur preferably in the field direc-
tion.

The question as to whether a) or b) is the field-
dependent mechanism of anomalous proton conduc-
tivity can be resolved by comparing the polarizabi-
lity of the bridge in H;O," with that of H;O*. The
former can be estimated by a simple calculation.

In this calculation the interaction between the
tunneling protons by proton dispersion forces* as
well as the influence of the anion fields is neglected.
Thus the results are valid in the case of infinite
dilution only.

15 M. EIGEN, Z. Elektrochem. 64, 115 [1960].
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2. Energy Levels of a Hydrogen Bridge with a
Symmetrical Double Minimum Potential
Well in an Electrical Field

We consider here a single hydrogen bridge with
a symmetrical double minimum potential in a static
electrical field. Let us assume that the bridge lies in
z-direction with its center at the origin of the co-
ordinate system. € is the component of the electrical
field strength in the positive z-direction. If e is the
tunneling proton charge, or the displaced effective
charge taking the polarization of the electron cloud
into consideration, respectively, the interaction en-
ergy of the proton and the electrical field is

W=—-efx. (1)
Fig. 2 shows the energy levels of the tunneling pro-

ton. The levels 0 and 1, respectively, are split by the
tunneling into two states each of positive and nega-
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Fig. 2. Symmetrical double minimum potential well in a
hydrogen bond.

tive parity. ¥, is the tunneling frequency. These le-
vels will shift under the influence of the interaction
energy W and the stationary states in the given ex-
ternal field can be investigated. These give infor-
mation on the weight of the proton boundary struc-
tures in or opposite to the field direction.

We restrict ourselves to small fields so that the
shift of both lower levels 0 + and 0 — is small com-
pared to the distance between levels 0 and 1. Nu-
merical evaluation shows that this assumption is ex-
tremely well fulfilled for the fields under discussion.
Thus we can neglect transitions to the upper levels
and represent the stationary states @ . in the field £
as a superposition of states v, and yy_ .

Ps=C, Yo +C_Yo_ . (2)

Substituting this expansion in the eigenvalue equa-
tion

Hp=Eg (3)

and multiplying from the left by g, and integrat-
ing,

JworHyo.dz e, + [ yorHyodx c_ (4)

=E[[ woryo.dz ¢, + [ yoryo_dr c_]
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results. The right side of this equation becomes
E ¢, on account of the normalization and the ortho-
gonality of the undisturbed eigenfunctions. A cor-
responding equation results on multiplying by vyg-,
Both equations can be abbreviated as

H++C++H+—C—=Ec+a
H ,c.,+H__c_=Ec_.

The diagonal elements of the Hamiltonian H, .
and H_ _ are the energy levels without an electrical
field which lie at 3 h», when the mid-point of
both lower levels 0 + and 0 — is chosen as the en-
ergy zero point.

H,.=—%hvy, H _=+ }hv,. (6)
These expressions follow because H is composed
additively of H°, the Hamiltonian without a field,

whose eigenvalues are given in Fig. 2, and the inter-
action W with the electrical field. Hence

H, =H%  +W.,=[vi(z) Hvy, (z) dz
e @) W, () da. (7)

Yy, is the eigenfunction of H® for the eigenvalue

—%hvy, hence H%. .= —}hv,. W, disappears,

since W has matrix elements which only differ from
zero between states of different parity.

(5)

This is demonstrated when the integration variable =
is replaced by —z.
W..=—e& [y (z) zywos (z) dx
=—e&[ ot (—2) (—2) wo. (—2) dz. (8)
Hence, W, . is equal to +e & [ i+ (z) z wo—(z) dz,

because wo+ (—2z) =wo+ (z). From W 4 It
follows W, . =0

++ =

Corresponding considerations apply for the sec-
ond diagonal element H_ _ .

H° does not contribute to the non-diagonal ele-
ments, since

HY _ = [ b HOyy_ dz= + hvy [ sy dz=0

9)

on account of the orthogonality of the eigenfunctions
of HO. These matrix elements

H+— =W+— i —EefW0+(x) xWO—(x) dx =H—+

(10)

can be expressed by the transition dipole moment

introduced previously [Ref. 16 cf. also 4] where real

eigenfunctions are chosen
p=ef . () zyp_(z) dr. (11)

18 E. G. WEIDEMANN and G. ZunpeL, Z. Physik 198, 288
[1967].
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Hence it follows that

H,_=H_,=-Ep. (12)
Eq. (5) together with Eq. (6) and (12) gives
(=3hvy—E)c, —Epec_=0, (13)
—&Epc, + (3hvy—E) c_=0,
and from this the secular equation
\—bhv—E  —&
e yhetE =0 (14)

which yields the eigenvalues
Ey. = FV (k)2 + (Ep)® = F1hn, V1422,
Z=2&p[hvy. (15)

The levels are shifted in the field € in the manner
shown in Fig. 3.

_tp
Z'hvolz
2 4 6

5 0.
El [in 105 %]

Fig. 3. The dependence of the shift of the energy levels in a
hydrogen bridge with a tunneling proton on the electrical
field.

For large values of the parameter Z, E. is ap-
proximately F € p, i.e., the potential energy of a
dipole p which is aligned in the ground state 0+
parallel to the field direction and in the state 0—
antiparallel to the field direction.

The second scales in Fig. 3 give the shifts of the
energy levels in wave numbers dependent on the
field for the special case

vo=10%sec™? and p=2A-%1e.
The value of 7, is given by EIGEN®. In this paper
(0.8 1) x10 13 sec is given as the lifetime of

H;0* in ice. The reciprocal of this value corre-
sponds to the tunneling frequency in H;0,* or
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Hy0,*, respectively. The choice of this value p is
explained in detail in % 16. It can be seen that the
shift of energy levels for fields, as they usually oc-
cur in solutions, is extremely small. This already
gives rise to the presumption that the weights of the
proton boundary structures also change only mini-
mally.

3. Shift of Weights of Proton Boundary
Structures

These weights result from the expansion coeffi-
cients ¢, and c_ which can be calculated from Eq.
(13). If we choose the phases of the stationary wave
functions without a field v, and vy, _ as in Fig. 4,
the states

1 1
ve= g (s +10-), vi= 75 (oo —vo-)  (16)

correspond to the boundary structures whereby the
proton is shifted completely to the right (in field
direction) or to the left (opposite to field direction),
respectively (see Fig.4). We can now also expand
the stationary states in the electrical field in terms
of the states v, and v,

Pr=aYr a1y, (17)

Yo-

»

]

?'<

Ll
= b

v'—_—x’
Fig. 4. a) The states o+ and wo-.b) The states 1 and v .
instead of as in Eq. (2) in terms of the states .

and vy _ . Substituting Eq. (16) and comparing with
Eq. (2) we find the following relations between the
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expansion amplitudes
1

1
G = ﬁ(ar'f'al)a CcC_ = VE (ar—a), (18)
respectively, which gives
1 1
a;= v5(6*+c‘)’ a1=ﬁ(c¢—c-)- (19)

The weights of the boundary structures preferred

or impaired by the field are
Gr . ] Qar !2a GI = l aQ !2’ (20)

respectively,

so that due to Eq. (16)

G:=|c,+c_ 2, Gi=|c,—c_2. (21)

We express the charge shift in the bridge by
A6 =G, - G,. (22)
AG assumes the value + 1 when the proton is com-
pletely shifted in the field direction (to the right),
the value 0 when both boundary structures (without
field) have the same weight, and the value —1 in
the case of polarization in the opposite-field direc-
tion. By Eq. (21) 4G is calculated from the ex-

pansion amplitudes determined by Eq. (13) as

(23)

In order to calculate the amplitudes, we solve the
first of the two equations (13) by the ansatz

c,=—EpAd, c.=Ghv,+E) A.

The second Eq. (13) is thus also satisfied, since
through Eq. (14) it depends linearly on the first.
Constant A is given by the normalization condition
les P+|e- F=1:

AG=cl c_+ctec, .

(24)

o ,il -3
A= Vet T @ hrtb* o)
For 4G we obtain
AG=[—-2EpEhv+E)]/[(Ep)2+ (3hvy+E)?],
(26)
or, using the abbreviation Z from Eq. (15)
A = 2 A (27)

T 224 (1+E/  hvy?”
Hence both eigenvalues from Eq. (15) are given as
—2Z(AF V1+2) _ —2ZQF V1+2%)

ACos = o Y1+ 2142422 F 1)
(28)
and thus
AGo. = £Z)V1+22. (29)

This is the shift of the weights of the proton
boundary structures in the electrical field. Substi-
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tuting as above 7y =10 sec™! and p=2A-% e, one
obtains 4Gy. = £4.8 x 1077 for a field strength of
1 Volt/cm. That is, the shift of the weights of the
proton boundary structures is extremely small in
the case of field strengths as they usually occur in
solutions. Therefore the surmise was expressed *
that the shift of the weights of the proton boundary
structure through the field, i. e., mechanism a), can-
not be the field-dependent mechanism in the case of
anomalous proton conductivity. We shall see in the
following, however, that such a slight shift of the
weights is already sufficient to bring about the pre-
ferred direction of the structure migration through
the electrical field.

4. Induced Dipole Moment

The characteristic quantity 4G for the shift of
the weights of the proton boundary structures is
proportional to the dipole moment x induced in the
hydrogen bridge since the moment induced in the
field € is the expectation value of the dipole opera-
tor e-x with respect to the stationary states in this

field

p=ef@*(z) zp(x) dz. (30)

Substituting Eq. (2) we obtain

w=ef(c. oo +owo)® Tle, wou +oo o) do
(31)

and as there are no dipole transitions between states

of the same parity

p=ef . (x) zyo- (x)da(cic_+clec,). (32)
For ground state 0+ and the first excited state 0 —

we hence obtain, on account of Eq. (11) and Eq.
(23), the induced dipole moments

to= (€) =p 4G+ (). (33)

At temperature T the ground state and the first
excited state are occupied according to the prob-
abilities determined by the Boltzmann factors

a0 1,0 e~ e 22
+ exp (—-— Eok-_;g))} (34)

whereby we have neglected the remaining excited
states in the partition function. This is justified as
long as these states are almost totally unoccupied,
i. e., as long as

kT<E . -Ey,. (35)
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The occupation probabilities depend on the field
strength as well as on the temperature, since the
energy levels (15) shifted in the field must of course
be substituted. The dipole moment induced at tem-
perature T in the field € is therefore

‘lt(T, g) = Mo+ (E) wo + (T, E) + Mo - (E) wo - (Ta g) .

(36)
With Eq. (33), (34) and (15) the following results
Z h ‘0 ;70‘
w(T, E) =p71—+~zjtanh (2I:T V1 +Z')
_2pr
T hoy,
(37)

In Fig.5 u is plotted as a function of the field
strength for temperatures T =100°, 200°, 300 °K.
fZ<1,i.e,if pE <}hwy, uis an almost com-
pletely linear function of the field strength. For
large field strengths, Z> 1, u approximates the
saturation value p.

M0
P
0754
T=100% T=300°
as/ T=200°
0,251

I 2 3 4 5 & 7 8
€ [10°%]

Fig. 5. The dependence of the induced dipole moment in a

symmetrical hydrogen bond with tunneling proton (in units

of the transition moment p between the two lowest states) on
the electrical field for different temperatures.

Here it must not be forgotten, however, that only
states 0+ and 0— were taken into consideration in
the calculation. The results thus apply only as long as
the shift of these terms is small compared to their
distance from levels 1+ and 1—, i.e., as long as,

Yhvo(Y1+22—1) < E;. —Eo— (38)
on account of Eq. (15). This condition is compatible
withZ<1,if

pELE, —Eo—. (39)

Due to conditions (35) and (39) the range of validity
of Eq. (37) is limited to temperatures and field
strengths

T<2-103°K, £<107V/cm
when the numerical values
p=2A-%e and E;,—Ey, ~Ei.—Ey-=~02eV
are again used. These limits to the theory are thus
practically insignificant.

(40)
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5. Polarizability of a Hydrogen Bridge with a
Double Minimum Potential Well

The linear rise of the curves in Fig. 5 gives the
polarizability a(7) of the hydrogen bridge

a(r) = £EA] (41)
Differentiating Eq. (27) gives, on account of
Su — 2p Ou|
BE | 8=0" Doy B2 |zwd®
a(T) =2 p*[hvytanh (hvo/2kT). (42)

The dependence of the polarizability on the tunnel-
ing frequency », at temperatures 7' =100°, 200°,
300 °K is represented in Fig. 6. In the case of small

1021

100 500 1000 150 cm™
Vo—>

Fig. 6. The dependence of the polarizability of a symmetrical

hydrogen bond with tunneling proton on the tunneling fre-

quency in em—1,

tunneling frequencies, a assumes the value p?/kT
independent of ;. With large tunneling frequencies
a behaves like 2 p?/hv,. a decreases steadily with
vy » since Eq. (42) can also be expressed as

hvy

2 tanh
al)= Jp =, " y=g,p- (43)

Furthermore, it can be seen from Eq. (43) that the
maximum decreases inversely proportionally to the
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temperature and the half-width values of the curves
rise proportionally to 7.

For a tunneling frequency of 10'® sec™! and
p=2A-%e (2p?/hvy=6.96x 10722 cm3) at room
temperature, it follows that

a=4.62x 10722 cm3. (44)

The fact that the maximum polarizability according
to Eq. (43) is reached at ¥y=0 indicates a limit to the
theory that has not been mentioned so far. In the cal-
culation it is assumed that a stationary state has been
achieved in the field and, in addition, the thermal equi-
librium with the environment has been reached, as as-
sumed in Eq. (34). The reciprocal tunneling frequency
1/vy is a measure of the attainment of the stationary
state, at least some transitions between the proton
boundary structures must have taken place. Thus, a
stationary state can no longer be attained in the event
that 1/», is comparable with the lifetime 7 of the hy-
drogen bridges, hence

v, > 1/1 (45)
must be assumed to ensure the validity of Eq. (43).
The relaxation time necessary for the occupation of
levels Ep. and Eyp— to reach thermal equilibrium, how-
ever, involves no lower limit restriction on the fre-
quency, since the equilibrium distribution between the
two lowest levels should be reached the faster, the less
their distance.

6. Determination of the Field-dependent
Mechanism

By comparing the polarizability of the hydrogen
bridges with tunneling proton in H;0," with the
polarizability of H;O0" it can now be decided whe-
ther mechanism a), i. e., the shift of the weights of
the proton boundary structures, or mechanism b),
i. e., the polarization of H;0, is the field-dependent
mechanism in the case of anomalous proton conduc-
tivity. The polarizability for free H;O" ions is ac-
cording to 17

amo+ =1.2x10724 cm? (46)

whereas the polarizability of the hydrogen bridge
with a tunneling proton is of the order of magni-
tude 10722 cm?, i. e., the polarizability of the hydro-
gen bridges with a tunneling proton is two orders
of magnitude greater than that of H;O*. According-
ly, the influence of the field on the hydrogen bridge
is the field-dependent mechanism.

This great polarizability arises because the ground
state is split by the tunneling of the proton. There-
fore, an excited state with a very small excitation

17 K. Fajans and G. Joos, Z. Physik 23, 1 [1924].
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energy is present which has odd parity in contrast
to the ground state. Thus, only a small electrical
field is necessary to admix this state and cause an
asymmetric charge distribution. This influence con-
sists in shifting the weights of the proton boundary
structures. This shift, however, is extremely small,
as we know. For this reason it has even been as-
sumed previously 4 that it cannot be of great signi-
ficance, as far as proton conductivity is concerned.
The following estimate, however, shows that the
slight shift of the weights affects structure diffusion
in the field direction in such a favorable way that
anomalous proton conductivity is brought about.

As mentioned above structure diffusion is the rate
determining step in anomalous proton conductivity
in acid solutions . Without an external field, »p
shall be the number of structure diffusion steps per
second without giving preference to any direction
in space. The mean distance s covered by a diffusion
step * is approximately 2.5 A. In an electrical field
the frequency of diffusion steps in the field direction
is equal to »p times the probability of the proton
boundary structure in which the proton is displaced
in the field direction. The corresponding considera-
tion applies to the migration in the opposite field
direction. Thus the difference in the movement in
and opposite to the field direction is proportional
to vp 4G, if the hydrogen bridge containing the ex-
cess proton prior to the diffusion step lies parallel
to the field. Upon averaging s 4G over all orienta-
tions of the hydrogen bridges, the mean velocity of
the protons is

5=vpsdG. (47)

According to Eq. (29), for fields usually applied in
conductivity measurements, 4G is proportional with
a high degree of accuracy to the field strength. If &
is the angle between the hydrogen bridge and the
field direction, only the component £ cos ¢} becomes
effective in polarization and only the component

* With the structure migration of the H;0,* or HyO,* group-
ing the linearization of the hydrogen bridge connecting the
external water molecules with their environment is — as
discussed above — of decisive importance. The potential
barrier in the double minimum potential well becomes
smaller as the bridges become more linear. Thus, the
tunneling frequency decreases as the linearization of the
bridges increases. Since the polarizability of the bridges is
dependent on the tunneling frequency (Fig. 6), the struc-
ture diffusion rate, i.e. ¥p, is likewise influenced by the
field to some extent. In the following estimate this influ-
ence is negligible, since the dependence is of no relevance
for small fields, as can be seen from Fig. 6.
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scos ¥} is covered by one diffusion step, so that

sAG =s ‘lpt"cos"’ﬁ: ; s /;,: ; s ;*E. (48)
It can easily be verified that cos?# amounts to 3 by
averaging over all orientations of the hydrogen
bridge, i. e., over 0 <®# <7/2 and azimuth ¢ over
0<@<2m. a is given by Eq. (42) whereby the
factor tanh(hvy/2 kT) takes the thermal occupation
of the 0 — level into account. As a is dependent on 7,
the mean velocity is influenced by the tunneling fre-
quency, although structure diffusion is the rate de-
termining step. The mobility u=2y/F =3.5x 1073
cm?/Volt-sec defined by

v=uf (49)
is obtained from conductivity measurements. 4, is
the limiting equivalent conductivity which can be
taken from18, p. 465. F is the Faraday constant.
The following relation between w and »p results
from Eq. (47), (48), (49) and (42):

hv,

¥

1]
u=,vps

- (50)

2p
e tanh

Since the diffusion rate for structure migration is
far more inaccurately known than u, Eq. (50) is
used to calculate vp. The previously used values
vog=1013sec land p=2A-} e give
vp=1.3x1012sec™!. (51)
This agrees well with what is expected according to
E1GeN ¢ who has shown, by comparing correspond-

18 R. A. RosinsoN and R. H. Stokes, Electrolyte solutions,
Butterworths, London 1959.
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ing investigations of ice and liquid water, that the
proton transition in the liquid medium in the pri-
mary structure around H*, that is, the proton tran-
sition in the inner hydrogen bridges of grouping
H;0," or HyO," proceeds 1 —2 orders of magnitude
more rapidly than the structure diffusion of these
groups. The value of »p is indeed approximately
one order of magnitude smaller than »,, the tunnel-
ing frequency of the excess proton in the hydrogen
bridge of H;0," or HyO,".

This estimation has thus demonstrated that the
small shift of the weights of the proton boundary
structures due to the external field is the field-depen-
dent mechanism of anomalous proton conductivity.

For fields of the order of 10— 107 Volt/cm 4G
approximates 1 — corresponding to a complete dis-
placement of the proton in the field direction. Such
fields occur in electrode processes!? and especially
in the membranes of biological systems. Thus it
seems obvious that the great variation of 4G by the
electrical field, i. e. the extremely large polarizability
of hydrogen bonds with symmetrical double mini-
mum potential well is of decisive importance for the
behavior of these systems.
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19 G. ErTEL, Technische Hochschule Hannover, Physikalisch-
Chemisches Institut (private communication).



